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We show how the gravity, gauge, and matter fields are induced on dynamically localized brane world 
(domain wall, vortex etc.). Solitonic solutions localized on a curved brane in certain field theories in 
higher dimensions are given in terms of gravity, gauge and extrinsic curvature fields of the brane. Then we 
deduce the effective field theory on the brane in terms of those fields and the quantum fluctuations of the 
solitonic solution. The gravity, gauge and the extrinsic curvature fields should obey the Gauss-Codazzi- 
Ricci equation in addition to their own equations of motion. 
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This contributed paper ^| is based on the work pj done 
in collaboration with Takashi Hattori. Recently the idea 
of brane world attracts much attention in connection 
with the expectation for "large scale extra dimensions" to 
solve the hierarchy problems between the weak interac- 
tion scale and the Planck scale, and other problems ® |) . 
The idea that our world is an embedded object in a higher 
dimensional spacetime is very old. The early works were 
connected with embeddability problem of a Riemanian 
spacetime in a higher dimensional spacetime Joseph 
presented a picture of dynamical trapping of matters by 
a potential valley along the embedded world 0. Regge 
and Tcitclboim pointed out that we should adopt the 
metric but not the position of the brane as the dynamical 
variable to have ordinary theory of gravity || . Maia in- 
vestigated symmetry aspects of embedded spacetimes [|| . 
Field theoretical trapping mechanisms of the world were 
considered by the present author pQ ], and Rubakov and 
Shaposhnikov pj] , independently. The former used, as 
an example, the Nielsen-Olesen vortex type mechanism 
to trap the world on the brane, and the gravity is natu- 
rally described by the induced metric, whose kinetic term 
(Einstein gravity term) is induced through the quantum 
fluctuations. On the other hand, the latter adopted the 
example of the domain-wall type solution with special in- 
terest in the trapped bosons and chiral fermions on the 
flat brane. Gravitational trapping is considered by Visser 
|jl2f . Various models were investigated in connection with 
various problems, such as chiral anomaly fl3[| , superme- 
mbrane pfl , and others JTqJlql . It turned out that the 
D-brane play important rolls in the superstring theory 
jl7j , or in reducing it from the M-theory [fl8f . Triggered 
by the ideas of large extra dimension [Q-g, an explo- 
sion of papers came out including phenomenological [ 19) , 
cosmological ^0|, and theoretical investigations |21|. Be- 
sides the various possibilities as are recently studied, the 



idea of the brane world is basically important because 
it gives an alternative to the Klein-type compactification 
p2[ to hide the Kaluza-type extra dimensions [^3| , which 
become necessary for various theoretical reasons. Other 
important applications of the studies of physics on the 
brane are those to the lower dimensional objects such 
as domain walls, vortices, topological defects, etc. in the 
condensed matter systems . Here we investigate how 
and what field theoretical ingredients are induced on the 
brane world. We show that it gives a unified picture for 
gravity and gauge fields with additional constraints from 
the Gauss-Codazzi-Ricci equations. 

If our world is really on a brane localized by some 
higher dimensional dynamics, the gravitation on the 
brane should be caused by dynamical deformations of the 
brane itself. In addition to the gravitational fields, the 
deformation of the brane give rise to the extrinsic cur- 
vature and the normal connection, which, respectively, 
behave like a tensor field and a gauge field on the brane. 
This suggests a natural and challenging scenario of ge- 
ometrical unification of the gravitational and the gauge 
fields [^,^6). We call them unified because they are de- 
scribed by different components of the same connection 
from the whole spacetime viewpoints, as we will explain 
below. 

Let 0Jn, v \ be the affine connection, and R^^no- be the 



curvature tensor of the p ■ 
are related by 



q + 1-spacetime. Then, they 
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where the Greek suffices indicate the spacetime indices, 
and the Latin, the local Lorentz indices, the square 
brackets [ ] in the array of the suffices indicate anti- 
symmetrization of the suffices, i.e. we subtract the term 
with the suffix at the right of [ and that at the left of 
] exchanged, and the comma in the array of the suffices 
indicates the differentiation with respect to the space- 
time coordinate components indicated by the suffices af- 
ter the comma. We use the metric and its inverse 
guv £ Q ra j se anc [ i ower spacetime indices, the flat met- 
ric rjab = r/ ab = diag(l, —1, • ■ ■ , —1) to raise and lower 
local Lorentz indices, and the vielbein e a „ to convert 
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spacetime indices to local Lorentz ones, and vice versa. 
Here and hereafter we denote the quantities of concerning 
p + q + 1-spacetime by boldface letters, and the boldface 
suffices run over the range 0,1, ■ ■ ■ ,p + q. 

For a given p-brane, let us take a coordinate system 
such that x^- = for p = p + 1, • • • ,p + q. Here- 
after the bold indices like fi, a, etc. run over the range 
0, 1, • • • ,p + q (whole spacetime), normal indices with- 
out underline like p, a, etc. run over the range 0, 1, • • • ,p 
(our spacetime), and normal indices with underline like 
p, a, etc. run over the range p + 1, • • • ,p + q (extra di- 
mensions). Let uj^ux be the affine connection, and R^upa 
be the curvature tensor of the p + 1-spacetime on the 
p-brane. Then, they are related by 

Rabpu = ^ab[fi,u] + ^ca^^bv] ■ (2) 

The brane affine connection lo^ v \ is nothing but the 
brane-parallel components of the whole-spacetime con- 
nection ijJ^x at the brane. The components uiabp, = 
Babfj, of the whole-spacetime connection with normal in- 
dex a and tangent index b are (index-converted form 
of) the extrinsic curvture B^ The components uJabfj, = 
Aabp. of the whole-spacetime connection with normal in- 
dices a and b are the normal connection, which play the 
roles of the gauge fields of the normal space rotation 
group O(q). The curvature tensor with respect to the 
gauge transformation is the field strength of the gauge 
field: 

Fabpi/ — ^ab[^i,iy] + -^-calp^by] ■ (3) 

Then ([!]) implies that 

w ob[M,i>] + ^ca[^ C b^] = Rabnv\x£=(}1 ( 4 ) 

which gives constraints among the metric (or viel- 
bein e a/J ), the extrinsic curvature B afiu , and the normal- 
connection gauge field Aabp in terms of the p + q+l cur- 
vature at the p-brane. In fact, the tangent-tangent (ab), 
tangent-normal(a6), and normal-normal (ab), compo- 
nents of (||) are rewritten as 

Rabpv + Bca^B—bv] = Rabp,v\ x tL = Q, (5) 
Bab[^,u\ + B C a[pUJ C bu ] + Aca^B-fo} = Rabpu\ x iL = Q, (6) 
Fabp.v + B C ^B C ^ — Rabpi>\ x tL=Q, (7) 

which are called Gauss, Codazzi, and Ricci equations, re- 
spectively. On the other hand, for the whole-spacetime 
with constant curvature, these equations are the integra- 
bility condition for the solution for the p-brane to exist 
uniquely up to global translations and rotations for a 
given set of the e a p, B a ^ v , and Ag^. Owing to this the- 
orem, we can adopt the the e afl , Bau V and A^p as the 
dynamical variables of the p-brane system instead of the 
position y(x^) avoiding the Regge-Teitelboim problem 



Now we consider the case where the p+q+ 1-spacetime 
is fiat. Let X M be the Cartesian coordinate system that 
we refer to. We denote the position of the p-brane by 
y(x^), where x^ (p = 0, 1, • ■ • ,p) is p+ 1 parameters. We 
define p + 1 orthonormal tangent vectors n a (x^) (a = 
0, l,---,p) q orthonormal normal vectors riaix 11 ) (a = 
p+ 1, • • • , p+q) of the p-brane. Then the induced vielbein 
on the p-brane is given by 

the induced metric on the p-brane is given by 

dfiv y ,fj,y m 6 a ^e v , 

and the induced connection on the p-brane is given by 

where the differentiation denoted by the index after the 
comma is that with respect to the parameter x^, and the 
inner product of the two vectors are taken with respect 
to the metric of the curved p + q + 1-spacetime. 

Now we transform the coordinate system from X 1 * 
to cc M such that the first p + 1 components x^ (p = 
0, 1, ■ • ■ ,p) coincide with the parameter x^ and the last q 
components x— (p = p+ 1, • • • ,p + q) vanish (i.e. x— = 0) 
on the p-brane. 

We know various models which has solitonic solution 
where fields are localized in the neighborhood of some 
lower dimensional subspace. For example, we have the 
kink solution for a scalar field in a double well potential 
(q = 1), the Neilsen-Olesen vortex solution in the Higgs 
model with U(l) gauge field (q = 2), the Skirmion so- 
lution with massive scalar fields (q = 3), etc.. In many 
cases, the flat space solution is well known. So here we 
develop a general formalism to derive the curved brane 
solution in the curved spacetime from the well known 
flat-space solution. Consider the system of the fields 3? 
(in general, including higher spin and spinor fields) with 
the flat-space action 

S= [ L( Vafi ,&,d k $)d p+q+1 X, (8) 

which has some symmetry with non-symmetric potential 
minima. Let us assume that the equation of motion of 
(||) has a static soliton solution <& = $> so \(x-) such that 

* S oi ~ *min + 0(e~ s ) for r = ^/-X^Xa -> 00, (9) 

where S is a constant corresponding to the soliton size, 
and $ m i n is a singular function which takes the value 
with the potential minimum except at r = and is sin- 
gular at r = 0. Around the static solution <I> = <fr so i(:z;-), 
we can find small fluctuation modes £ for which «& so i + £ 
is a solution of the linearized equation of motion under 
the assumption that £ is very small. If the action has 
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some symmetry, there exist zero-mode solutions associ- 
ated with the symmetry. They are still static implying 
zero additional energy to that of 3> so i Among them the 
zero-mode of the translation invariance in the extra spase 
is given by £ Q = 9 a * S ol- Other types of the small fluc- 
tuations are non-static ones where £ depends also on x 1 *, 
and has additional energies. 

Now we seek for the solution localized in the neighbor- 
hood of the given p-brane specified by the vielbein e aM , 
the extrinsic curvature B alll/ , and the normal connection 
gauge field Aab^. We assume the curvature R a bfj,u, the ex- 
trinsic curvature B^ , and the normal connection gauge 
field Aab^ are small in the scale of the soliton size 5. This 
is an safe and plausible assumption from both cosmologi- 
cal and field theoretical points of view. Then the solution 
is obtained by the following procedure. First we specify 
the curvilinear coordinate system a little more precise 
by the transformation: 



(10) 



In general the transformation ( jlpj ) becomes singular at 
some large \x— |. It is safe now, however, owing to the 
rapidly approaching property in (Q) and assumption of 
small Rab^, Ba^v, and A^. Then the vielbein e afiL = 
n a X^ is given by 



The action becomes 



-X—Ab a 



(i fj, u 
-bail VafJ> 



S = J eL(e alJ ,,<&,D k &)d p+q+1 x 



(12) 



in a given curved spacetime specified by the vielbein e a/x , 
where e = det e afJj , and _D M is the covariant differentia- 
tion written in terms of the connection Wuj,^ according 
to the spins of the ingredients of the field 

If the p-brane is curved, the solution 4> so i is no longer 
a solution of the equation of motion. The small correc- 
tion is expected to have an asymptotic form proportional 
to the translation zero-mode. Then we parametrize the 
small fluctuation from <& so i as 



^branc(^' A ) ^sol(*£ — ) 



(13) 



e a^ 5 Bajiu, and Ag^^ . Therefore we ne gleet x (0) in (0). 
Now we can expand the equation of motion in power se- 
ries of x—. The equation should hold order by order in 
x^-. This gives recursive equations for the functions x 
in terms of the vielbein e aM , the extrinsic curvature -Ba M „, 
and the normal connection gauge field Aabp, ■ Thus we can 
obtain the p-brane solution f&brane^^) in the form of 
( |l3| ) , where % is power series of x— with coefficients writ- 
ten in terms of the parameters e a ^, B^v, and Aab^ which 
specify the p-brane. If we substitute this $brane(x M ) back 
into the action ( [T^ ) and perform integration, we ob- 
tain the effective action for the quantities e af i, B afJil/ , and 
A a bfi on the brane world. 

As an example, here we apply this procedure to the 
model for the scalar field $ with a double well potential 
in the five dimensional spacetime [fll|| . The Lagrangian 
is given by 



L 



^g^d^dui - ^A 



2 n 2' 
(j)- 2 

A 



(15) 



where A is the coupling constant and m is the mass of 
the field $. In the flat case, this is known to have the 
domain wall solution 



, m my 

^$ sol .-tanh-, 



(16) 



(11) where we have denoted the extra dimension coordinate 
x— by y. Then, after a lengthy calculation according to 



the above procedure, we obtain the brane world solution 



^branc = ^sol 
"1 o„„ 1 

2 



0{B 3 ) 



Koi, (17) 



where B^ v is the extrinsic curvature, and <&' j is the 
derivative of <$> so \ with respect to the extra dimension 
coordinate y. 

Now we return to the general formalism. Let £ n (n = 
1, 2, • • •) be the small fluctuation modes of the flat space 
solution. We expand the small fluctuation of the field <& 
in terms of £ n as 



5> n (^)U^)- 



(18) 



where x— is the small coefficient (in general matrix be- 
cause $ is a system of fields) which depends on both 
x^ and x—. Because the solution rapidly approaches its 
asymptotic value for x— » S, only the region with small 
x— is important. So we expand \ m terms of x—. 



x = x {0) 



(2) 



(14) 



where x (* = 0, 1, 2, • • •) are functions of x M only. The 
function x^ corresponds to the shift of the position of 
the brane, and it should be described by other values of 



We substitute this into the action (|T3), and perform the 
x^-integration. Then we obtain the effective action S e s 
for e QM , Bap U , Aabf,, and ip n on the p-brane. 

So far we have treated the fields e a/J in the p + q + 1- 
spacetime and e afl , -Bq^, and A^^ on the brane as the 
given external fields. To incorporate their dynamics, we 
should path-integrate the generating functional over all 
the possible configurations. We can add the kinetic term 
of e a/x in the p + q + 1-spacetime because it is taken as 
an elementary field. Then we will have some equation 
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which specifies the configuration of e a/1 in the p + q + 1- 
spacetime. If the quanta (gravitons etc.) of the system 
is massless, the coupling of the interaction should not be 
so strong as to violate the observed level of the effective 
energy conservation on the brane. On the other hand, 
we should path-integrate the generating functional with 
respect to e a/1 , B^, and on the brane to incor- 

porate all the possible and independent configurations 
of the brane. However, the effective action derived as 
above has no kinetic term of e af j,, B a ^ v , and A a b^. The 
kinetic terms are induced through the quantum fluctua- 
tions p5|-p8[ of the trapped matter field <p on the brane. 
In general the quantum fluctuations have the form 



e(a + bR H ), 



(19) 



where a and b are calculable constants. The field the- 
oretical calculations are found in the literature |26| ^8[ . 
The values of a and b, respectively, contain quartic and 
quadratic divergences in the ultraviolet region, which 
we cutoff at around the scale of asymptotic field value 
|3> m i n |. Such a cutoff is naturally expected in the present 
model, since very high excitation above the threshold of 
l^minl spread into the extra dimensions and blind to the 
position of the brane. Then the effective action on the 
brane gives the equations of motion of e a/J , B^u, and 
Aabp on the brane. The cosmological constant should be 
fine-tuned. 

In conclusion, on the brane world localized by the soli- 
tonic solution, 

(i) the small fluctuation modes trapped by solitonic so- 
lution play the role of matter fields on the brane, 

(ii) the gravitational and the gauge fields are induced 
through the deformation of the brane, 

(iii) besides them the extrinsic curvature field are induced 
through the deformation of the brane, 

(iv) the kinetic terms of the gravitational, the gauge and 
the extrinsic curvature fields are induced through the 
quantum fluctuations of the trapped matter fields, and 

(v) the gravitational, the gauge and the extrinsic cur- 
vature fields should obey the Gauss-Codazzi-Ricci equa- 
tions in addition to the ordinary equations of motion. 
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